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We introduce the language of second quantization in the context of quantum many body systems
and treat the weakly interacting Bose gas at low temperatures.

10.1 Introduction

As we saw in Chapter 8, it is difficult to treat the interparticle interactions in a classical many
body system of particles. As might be expected, the analysis of the analogous quantum system is
even more difficult.

Just as we developed the density expansion of a classical gas by doing perturbation theory
about the ideal gas, we will first treat an interacting many-body quantum system by starting from
the single particle approximation. We know that the wave function ¥(ry,rs,...,ry) for a system of
N identical interacting particles can be expanded in terms of the wave function ®(rq,rs,...,ry) of
the noninteracting system. The wave function @ is given in terms of suitably symmetrized products
of the single particle eigenfunctions ¢(r;). If we adopt periodic boundary conditions, ¢y (r) is given
by

Or(r) = 53¢ (10.1)
where L is the linear dimension of the system. Note that ¢ is a eigenfunction of the momentum
p = hk.

If the particles are bosons, the wave function ¥ and hence ® must be symmetric with respect to

the interchange of any two particles. If the particles are fermions, ¥ and ® must be antisymmetric

with respect to the interchange of any two particles. The latter condition is the generalization of
the Pauli exclusion principle.
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Because of the impossibility of distinguishing identical particles, it is useful to describe non-
interacting quantum systems by specifying only the number of particles in each single particle
state (see Section 6.5). That is, instead of working in coordinate space, we can represent the basis
functions of the many-body wave functions by

|TL1712 . .>, (102)

where ny is the number of particles in the single particle state ¢y. For fermions nj equals 0 or 1;
there is no restriction for bosons. For a system with a fixed number of particles N, the occupation
numbers ny satisfy the condition

N=> n. (10.3)
k

We also learned in Section 6.5 that it is convenient to treat quantum mechanical systems in the
grand canonical ensemble in which the number of particles in a particular single particle quantum
state may vary. For this reason we next introduce a formalism that explicitly allows us to write
the energy of the system in terms of operators that change the number of particles in a given state.

10.2 Occupation Number Representation

If we specify a state of the system in the occupation number representation, it is convenient to
introduce the operators aj and dL that act on states such as in (10.2). For bosons we define dy,

and a} by

&k|...nk...>:\/ﬁk|...nk—1...>, (104&)
and

all.cong. ) =vVig 1. +1..0) (10.4b)

From the definition (10.4a) we see that a; reduces the number of particles in state k and leaves the
other occupation numbers unchanged. For this reason ay is called the annihilation or destruction
operator. Similarly, from (10.4b) we that dL increases the occupation number of state k by unity
and is called the creation operator. The factor of \/n, is included in (10.4a) to normalize the N
and N — 1 particle wave functions and to make the definitions consistent with the assertion that

ar and dz are Hermitian conjugates. The factor /1 + ny is included for the latter reason.
From the definitions in (10.4), it is easy to show that

agalng) = (ng + 1)|ng) (10.5a)

afar|nk) = nini). (10.5b)
We have written |ng) for | ..., ng,...). By subtracting (10.5b) from (10.5a), we have

(aral — alag)|ng) = |ng). (10.6)

In general, we may write that
lay, al] = agal, — alay = 1, (10.7)
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and show that

[, af) = Ok, (10.8)
and
[ar, aw] = [al,al,] = 0. (10.9)
T

The commutation relations (10.8) and (10.9) define the creation and destruction operators a, and
Q-

The appropriate definition of a; and &L is a little more tedious for fermions, and we shall
simply define them by the anticommutation relations:

{a,al} = agal +alay = 1, (10.10)
and
{an,an} = {al,al,} = 0. (10.11)

Equation (10.11) is equivalent to the statement that it is not possible to create two particles in the
same single particle state.

10.3 Operators in the Second Quantization Formalism

It is easy to show that for both Bose and Fermi statistics, the number operator Ny is given by
Ny = alag. (10.12)

The eigenvalues of Ny acting on |ny) are zero or unity for fermions and either zero or any positive
integer for bosons.

We now wish to write other operators in terms of a; and d,t. To do so, we note that &; and
ay. are the creation and destruction operators for a free particle with momentum p = Ak described
by the wave function (10.1). The kinetic energy is an example of a one-particle operator

T=—) V2 (10.13)

The form (10.13) in which the momentum p is expressed as an operator is an example of what is
called first quantization. Note that the sum in (10.13) is over the indistinguishable particles in the
system. A more convenient form for 7" in the second quantization formalism is given by

T = eafap, (10.14)
o

where €, = p?/2m and p = fik. Note that the kinetic energy is diagonal in p. The form of (10.14)
is suggestive and can be interpreted as the sum of the kinetic energy in state p times the number
of particles in this state.
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The form of the two-particle potential energy operator U can be obtained from straightforward
but tedious arguments. The result can be written as

o 1 T
U= 5 Z <k’1k’2|u|k1k2>alT(,laL,Qaklakz. (10.15)

k1K ki ke

The summation in (10.15) is over all values of the momenta (wave vectors) of a pair of particles
such that the total momentum is conserved in the interaction:

The matrix element (kjkj|ulk ko) is given by
1 o o
(Kikslulkiks) = W//e“kl—kl>-r1+l<kz-k2>-r2 u(|ry — r1]) drydry. (10.17)
We next make the change of variables, R = (r; + r3)/2 and r = r; — ry, and write

1 . ’ !’ . ! ’
(Kiks|ulkiko) = W//el(klfkﬁkrk”'l{ etllala—katky) /2, (1) IR dr. (10.18a)

Because of the homogeneity of space, the integral over R can be done yielding a Dirac delta function
and the condition (10.16). We thus obtain obtain

(kKb |ulkiko) = u(k) :/e_ik'ru(r) dr, (10.18b)

where k = k}, — ko = —(k} — k1) is the momentum (wave vector) transferred in the interaction.

With these considerations we can write the Hamiltonian in the form

2
: Py 1 st At s s
H= E ~ala +W u(k)aL1+kaL2_kap2apl. (10.19)
P

2m PP
k,p1,p2

We have written p; and py instead of k; and ks in (10.19) and chosen units such that & = 1.
The order of the operators in (10.15) and (10.19) is important for fermions because the fermion
operators anticommute. The order is unimportant for bosons. The form of the interaction term in
(10.19) can be represented as in Figure 10.1.

10.4 Weakly Interacting Bose Gas

A calculation of the properties of the dilute Bose gas was once considered to have no direct physical
relevance because the gases that exist in nature condense at low temperatures. However, such a
calculation was interesting because the properties of the weakly interacting Bose gas are similar
to liquid “He. In particular, a dilute Bose gas can be a superfluid even though an ideal Bose gas
cannot. Moreover, in recent years, the dilute Bose gas at low temperatures has been created in
the laboratory (see references).

The condition for a gas to be dilute is that the range of interaction o should be small in
comparison to the mean distance between the particles, p~1/3, that is po® < 1. Because the gas is
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not done

Figure 10.1: Representation of the matrix element in (10.15).

dilute, we need to consider only binary interactions between particles using quantum perturbation
theory. The difficulty is that because of the rapid increase in the interparticle potential u(r) at
small 7, ordinary perturbation theory (the Born approximation) cannot be directly applied.

We can circumvent the lack of applicability of the Born approximation by the following argu-
ment. The scattering cross section is given by |f|?, where f is the scattering amplitude. In the
Born approximation, f is given by

m

~ u(r)e” T dr, (10.20)

fk) =

where Ak is the momentum transferred in the interaction. In the limit of low temperatures, the
particle momenta are small, and we can set k = 0 in (10.20). If we set f(k = 0) = —a, where a is
the scattering amplitude, we obtain

a = mUy/4nh? (10.21)

where

Uy :/u(r) dr. (10.22)

In the following, we will set u(k = 0) = Uy = 4mh%a/m, so that we will be able to mimic the result
of doing a true perturbation theory calculation.!

If we assume that u(k) = Up for al k, a constant, we can write the Hamiltonian as
2
& RN Uo R R L
H= Z %GI}GP + W aplfka;r)erkaPzapr (10.23)

The form of (10.23) is the same for Bose or Fermi statistics. Only the commutation relations for
the creation and destruction operators are different.

We now follow the approximation method developed by Bogolyubov (1947). In the limit
Uy — 0, H reduces to the Hamiltonian of the ideal Bose gas. We know that the latter has

1In the language of quantum mechanics, we need to replace the bare interaction w by the ¢ matrix. This
replacement is the quantum mechanical generalization of replacing —(u by the Mayer f function. Not surprisingly,
this replacement can be represented by an infinite sum of ladder-type diagrams. Note that if we interpret the Mayer
f function as the effective interaction between particles, the first cumulant in a high temperature expansion would
yield the same result as the first term in the classical virial expansion.



CHAPTER 10. INTRODUCTION TO MANY-BODY PERTURBATION THEORY 410

a condensate, that is, there is macroscopic occupation of the zero momentum state, so that at
T =0, No =N, and N, =0 for p # 0. For the weakly interacting Bose gas, we expect that the
low lying states do not have zero occupation, but that N, for p > 0 is small so that Ny ~ N. We
proceed by assuming that N — Ny is small and extract the k = 0 terms in H. For example,

N =Y alap = dao + Y alap. (10.24)
p#0

Because &8&0 = Ny ~ N is much larger than unity, it follows that dodg — dgdo =1 is small in
comparison to ag and &5 and hence ag and &Er) may be regarded as numbers (equal to v/Np), and

we can ignore the fact that they do not commute.

We now expand the potential energy in (10.23) in powers of the small quantities ap, &I) for
p # 0. The zeroth-order term is
4 U 4 Uy .o

20 atatagag = =2agt = =2 NZ2. 10.25

0000000 = 570" = 57 Np (10.25)
There are no first-order terms proportional to ag®, because they cannot be made to satisfy con-
servation of momentum. The second-order contributions are proportional to (Uy/2V)Ny and are
given by

A%

(a) p1=p2=0,k#0 afal
(b) k:—pl,p2:0 a 1dp1
(c) k=ps, p1=0 aj,,p,
(d) p1=—-p2=—k ap, 4—p,
(e) k=p;=0,p2 #0 d%zdpz
(f) k=p2:0, p17é0 &pldpl

We will ignore all higher order terms, which is equivalent to ignoring the interaction between
excited particles. Hence, if we extend the above approximations to T" above T,, our approximate
Hamiltonian would reduce to the Hamiltonian for the ideal gas.

The approximate Hamiltonian can now be written as

'p® . Uo Uo
- Z ata 2VN0 NOZ afal \ + awa_x + 4afa]. (10.26)
The notation 3. denotes that the sum excludes terms with p = 0 and k = 0.

In general, we have

! /
N=a3+> alap=No+ Y afap. (10.27)
P p

For consistency, we replace Ng in (10.26) by N§ = N2 —2N3" 'alap. Similarly Ny in (10.26) may
be replaced by N. The result of these replacements is that

~ N !
~ Hp UO + § eyl ip + WUOE [afal , + awa_x + 2af ax]. (10.28)
k
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Note that Hpg only allows excitation of pairs of momentum k and —k from the condensate and
re-entry of such pairs into the condensate.

The approximate Hamiltonian Hpg is bilinear in @ and a'. This form is similar to that of a
harmonic oscillator. This similarity suggests that we can diagonalize Hg by making an appropriate
linear transformation of the operators ¢ and af. If Hp is put into diagonal form, then Hp would
have the same form as an ideal gas, and we could easily calculate the energy eigenvalues.

We define new operators bt and b by

= upby + vb! (10.29a)
T = upbl + vpb (10.29b)

and require them to satisfy the Bose commutation relations
[;k(;;r(/ - lAJ]T(/lAJk = 6kk/ and I;ki)k/ = i)k/i)k. (10.30)

As shown in Problem 10.1, bf and b satisfy the Bose commutation relations only if the relation
(10.31) between uy, and vy, is satisfied:

up —vi = 1. (10.31)

Problem 10.1. (a) Use (10.29) to express b' and b in terms of 4! and a. (b) Show that the
commutation relations (10.30) are satisfied only if (10.31) is satisfied.

If we substitute the above expressions for ! and @ into (10.28), we obtain

Hp = Eo+ Hp + H; (10.32a)
where

N2, ' NU, NU

Eo = 2Vo + g [(ep + VO)“k2 + Voukvk] (10.32b)

; N 2N )

Ap =3 [(e+ VU ) (e + 012) 2T ] (10.32¢)
k

- NU, 1 e
1= (e + ?0) (uvk + ok (Ui + v7))] (bib" \ + bicb_i). (10.32d)

k

From the form of (10.32), we see that Hp would be diagonal if H; = 0. This condition is satisfied
if
NU
2(er + —7) (urvr + vk (uf +0}) =0, (10.33)

and the relation (10.31) is satisfied. Note that we have two equations for the two unknown u and
vk. We can satisfy the relation (10.31) automatically by letting

uy, = cosh 6y, (10.34a)
v, = sinh 0. (10.34b)
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If we use the identities 2ugvy = 2 cosh 0, sinh 6, = sinh 26, and uﬁ + v,% = cosh 20}, we can express
(10.33) as

NU, NU,
(ex + VO ) sinh 26, + ——2 cosh 26, = 0, (10.35)
or U
PYo
tanh 20, = ———2 . 10.36
g e, + pUo ( )

Note that (10.36) has a solution for all & only if Uy > 0.
The solution (10.36) is equivalent to

2 o €k +pUo

and U
PYo
2 = —— 10.
UKV E(k)’ ( 0 38)
where
E(k) = Ver(er + 2pUp). (10.39)
1 ex + pUy
2 k
= |——+1 10.4
1 ex + pUo
2
= _[ETF0 ], .
Ui 2[ B ] (10.40Db)
If we substitute u; and vy into fIB, we obtain
~ 1 / I PN
Hp = NpUs + g [E(k) — e — pUs] + ; E(k) b by. (10.41)

From the form of (10.41) we see that IA)L and by are the creation and destruction operators for
quasiparticles or elementary excitations with energy E(k) obeying Bose statistics. If we replace
Uy by 4nh%a/m, we see that the quasiparticle energy is given by

E(p) =/ + (p?/2m)?, (10.42)

4mh2pa
=== (10.43)

Note that for small p, E(p) is proportional to p and hence the excitations are phonons with velocity
C.

where

The ground state energy Fjy is given by

1
Ey = S NpUs + S B(K) — e — pUd). (10.44)
k
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We can replace the summation over discrete values of k by an integration over p and multiply by
V/(2wh)3. We obtain (see Huang)

Ey 2map 128 [a3p
— = 14+ —/—. 10.4
N m [ + 15 T ] (10-45)

Problem 10.2. Show that ¢ is equal to the sound speed using the relation (see Reif)

c=(prs) 2, (10.46)

where kg is the adiabatic compressibility:

1 /0V
ks = 7?(87)5' (10.47)
The above relations can be used to express c as
dp
2 _
&= (aP)s' (10.48)
At T = 0, the pressure is given by
0Fy
P=———. 10.49
oV ( )

Use the above relations and (10.45) to show that the calculated speed of sound is consistent with
the phonon speed (10.43) to lowest order in (pa®)!/2.

Problem 10.3. The number of quasiparticles of momentum p for 7" > 0 is given by

1

o = 3T (10.50)

Why is the chemical potential equal to zero?

Problem 10.4. The momentum distribution of the actual particles in the gas is given by

N, = alay. 10.51
P PYpP

Use the relation between &L and ap and I;L and Bp, and the fact that the products BLIBEP and

B_pi)p have no diagonal matrix elements to show that

7ip + fp(Mp + 1)

N, = _ 10.52
P 1— fp ( )
where )
m p 9
=" [E(p)—- £ — . 10.
o= phz[ ) =5 me’| (10.53)

This result is valid only for p # 0. At T'= 0, np = 0 for p # 0. Show that

m2ct

N = 2E(p)[E(p) + p?/2m + mc?]’ (10.54)
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The number of particles with zero momentum is
_ I d3p _
Nozl—Zszl—V/WNp. (10.55)
P

Note that the interaction between the particles causes the appearance of particles with nonzero
momentum even at T'= 0. Use (10.54) to show that

Ny 8 pa® |
20 2z, 10.
N =150 (1035
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