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8.1

Introduction

In the first part of this chapter we will discuss the numerical evidence that the theory of
nucleation near the spinodal is correct. Then we will address the nature of the prefactors
in the nucleation rate.

8.2

Numerical Techniques

The numerical simulations we will examine were all done with Monte Carlo methods and all
simulations were performed on Ising models of varying interaction range. Two algorithms
were used, Metropolis and Creutz. A discussion of both algorithms can be found in
Monette’s thesis. Here we only need to point out that in the Metropolis algorithm the
magnetization and the energy are not conserved, while in the Creutz algorithm we conserve
the energy.
We use the magnetic field to do the quench. Specifically we set the temperature at
4Tc /9 with an initial condition of all spins aligned with the magnetic field in the “up”
direction. We then reverse the field. The system rapidly decays into a metastable state
with the magnetization still up. The magnetization remains in the “up” state for some
time depending on the magnetic field value and then begins to decay finally reaching the
true equilibrium value.
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Figure 8.1: The magnetization as a function of time (Monte Carlo steps per spin) for
different quench depths. Both runs show the flat area characteristic of the metastable
state.
In the Creutz [1983] algorithm we postulate the existence of a “demon” which redistributes the energy throughout the lattice such that the sum of the demon energy Ed and
the system energy Ef remains fixed and Ed  Ef . The demon can be constructed in
several ways. In the runs presented here we take Ed > 0. To have a first-order transition
as a function of the energy, which in a constant energy ensemble is the control parameter,
we must introduce an entropy difference between the two phases. We accomplish this
difference by making the down spin phase doubly degenerate [Monette at al. 1988].
The reason for employing two different dynamics is to test the dependence of the
results on the conservation laws. Initially we will look at the characteristics of the critical
droplet. Because these characteristics come from a quasi-equilbrium theory we do not
expect any difference between the Creutz and Metropolis results.

8.3

Numerical results

Figure 8.1 is a plot of the magnetization as a function of time in Monte Carlo steps
per spin using the Creutz algorithm. The Metropolis results are almost identical. Note
the flat region, which corresponds to the metastable state, and the rather sharp drop off
corresponding to the decay process.
In Fig. 8.1 data for two quenches is presented. In Fig. 8.1(a) the data is for a shallow
quench (near the coexistence curve) and in Fig. 8.1(b) the quench is deeper.
To determine the critical droplet for deep quenches near the spinodal [corresponding
to Fig. 8.1(b)] we monitor the coordinates of the center of mass of the largest cluster as
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Figure 8.2: The x and y coordinates of the center of mass of the largest cluster as a
function of Monte Carlo steps per spin.
defined in Chapter 7. Specifically in d = 2 we monitor the x and y coordinates of the
center of mass of the largest cluster made up of down spins with bonds linking them. The
bonds are distributed at random with the probability
pb = 1 − exp[−KLG (1 − ρ)]

(8.1)

as discussed in Chapter 7.
There is an important point that was not stressed in Chapter 7. Namely, the bonds
in a long-range interaction model also are long-range. To be specific, in the Domb-Dalton
model that we used to do the Monte Carlo simulation of the Ising model (cf. Chapter 7),
a spin at the center of a cube of linear dimension R interacts with every other spin in the
cube with the interaction given in Eq. (3.1). There is a bond with the probability given
in Eq. (8.1) near the spinodal between a spin (in the “down” direction) and each spin
within the Domb-Dalton interaction cube centered on that spin. Hence, not only is the
interaction range of the Ising model large but so is the bond range. Note that the strength
of the interaction in the Domb-Dalton model is scaled with q −1 [see Eq. (3.1)] which also
makes the bond probability scale because KLG in Eq. (8.1) is equal to 4K where K is
given in Eq. (3.1).
In Fig. 8.2 we plot the x and y coordinates of the center of mass of the largest of
these clusters for a system with q = 684 and a deep quench. Note that for early times
the center of mass of the largest cluster exhibits large fluctuations, which are caused by
clusters growing and decaying; the largest cluster is not actually moving. The largest
cluster may have its center of mass located at a specific position at t = t0 , but that cluster
might decay and what was the second largest cluster at a different position becomes the
largest.
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After some time these large fluctuations abruptly become smaller. This time is denoted
by the arrows. In Fig. 8.1(b), which is taken from the same run as in Fig. 8.2, we mark
the time at which the center of mass fluctuations is damped with an arrow. At this time
in Fig. 8.1(b) there is no sign of a change in the magnetization. In Fig. 8.2 there are still
fluctuations in the location of the center of mass even after the abrupt damping. These
much smaller fluctuations also decrease but more gradually. Note that when the smaller
fluctuations have decreased, the magnetization is beginning to show a marked decline.
How can these results be interpreted? In Chapters 5, 6, and 7 we have argued that
nucleation for deep quenches such as that shown in Fig. 8.1(b) and 8.2 takes place with
critical droplets which are not compact but tenuous or diffuse. These droplets were argued
to be the same as the fluctuations that are associated with critical phenomena at the spinodal. The percolation mapping presented in Chapter 7 enabled us to identify the critical
phenomena fluctuations, and hence the critical droplets, with the percolation clusters we
have monitored. If the reasoning is correct, it will always be the largest of these clusters
which initiates the metastable state decay. This behavior is precisely what was found.
Following the largest cluster always located the droplet that grew into the stable phase.
In addition, we noted that the fluctuations of the center of mass persisted after the
largest cluster became a fixed object. This behavior is consistent with the interpretation
that the cluster is initially diffuse or tenuous. Large clusters do not move around but
if tenuous, should have pieces that break off and reattach. Moreover, if the droplet is
diffuse, then we would expect that the appearance of the droplet would not affect the
magnetization. As the droplet compactifies (see Chapter 6), we expect that the center of
mass fluctuations become smaller because the probability that a reasonably large piece of a
compact cluster breaking off is very small. As compactification occurs we also expect that
the existence of a growing droplet will influence the magnetization. These considerations
also imply that the two effects, damping of the center of mass fluctuations and the decay
of the magnetization, should be roughly coincident. The results in Figs. 8.1 and 8.2 are
consistent with the diffuse droplet prediction of spinodal nucleation theory.
Several additional tests of the theory were performed. Before discussing them we need
to consider the relation between the initial damping of the center of mass fluctuations and
the saddle point picture which we used in the theoretical discussion. We will refer to the
time that the large center of mass fluctuations damped as “center of mass nucleation” and
the time that the nucleating droplet reachs the top of the saddle point as “saddle point
nucleation.” The question we need to address is are they the same?
Before answering this question we need to determine how we can determine from a
simulation that the droplet has reached the top of a saddle point. The idea is to think of a
saddle point droplet as a fluctuation that is on the borderline between growth and decay.
That is, a droplet that could be influenced by very small perturbations to go either way;
growing into the other phase or decaying back into the metastable state. Consequently,
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if we subject a saddle point droplet to a random perturbation, we expect that half of the
time it will grow and half of the time it will decay.
The procedure we follow, which we call intervention, is as follows. We do a Monte
Carlo run to completion. That is, we quench the system into the metastable state, observe
nucleation as we have described, and watch the evolution to the stable phase. We then
rerun the simulation with the same initial conditions and random number seed so that the
second simulation is a replica of the first one. However, we stop the simulation when we
believe the saddle point droplet has just appeared in the system. The criterion we use is
when we see the center of mass fluctuations sharply damp. We then change the random
number seed and restart the simulation. We do this procedure several times. If the droplet
we have chosen is the saddle point droplet, it will grow half of the time and decay half of
the time.
Near the spinodal the center of mass and saddle point nucleation appear to coincide
[Monette at al. 1992]. We will return to this point in Sections 8.4 and 8.5. However such
a coincidence is not observed for shallow quenches. In Fig. 8.1(a) the two arrows denote
the center of mass and saddle point nucleation events. The earlier event is the center
of mass nucleation. The single arrow in Fig. 8.1(b) marks the time, for quenches near
the spinodal when both center of mass and saddle point nucleation occur. In addition to
confirming that near the spinodal we can use the center of mass stabilization to determine
the onset of nucleation we also obtain another indirect bit of evidence that the nucleating
or critical droplet near the spinodal is diffuse. The idea is that the critical droplet for
shallow quenches is compact. It is difficult to imagine that a spontaneous fluctuation
starting from a relatively uniform background could provide us with a very large compact
object. Moreover, the destruction of a compact droplet that does not quite make it to
the saddle point would be a long process. It is more believable that long before a critical
droplet appears that there is a growing compact cluster in the system which has not yet
reached the critical size to be at the top of a saddle point. The largest of these growing
clusters should be the largest cluster for quite some time, and hence we should not expect
the relatively rapid center of mass fluctuations seen in Fig. 8.2.
For nucleation near the spinodal critical point the picture is different. Because the free
energy cost of fluctuations is small, we do not expect that it will be difficult for the system
to create and destroy the diffuse objects that are the critical phenomena fluctuations.
Consequently, if a near critical droplet forms, that is, one that doesn’t quite make it over
the saddle point, then the rather tenuous structure of such a droplet makes it relatively
easy for the system to destroy it. Again this picture is consistent with the diffuse droplet
picture for nucleation near the spinodal.
We can now use the center of mass nucleation droplet, that is, the largest cluster at the
time of the initial damping of the center of mass fluctuations, as our critical droplet. We
can measure its density and linear size, which are predicted by the theory to scale as the
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quantity
energy per spin of metastable state
(Es − E)/Es
ξ = R−1/2
measured ξ
predicted density at center
of nucleating droplet
measured density
length × width of droplet
maximum extent of droplet
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R = 6 (q = 84)
L = 180
0.26

R = 12 (q = 212)
L = 180
0.34

R = 18 (q = 684)
L = 275
0.38

0.48
6.6
11
0.24

0.32
15.6
21.5 ± 1.9
0.16

0.24
27.8
25.3 ± 3.3
0.12

0.39
30 × 28
20

0.21 ± 0.03
62 × 48
48

0.10 ± 0.01
86 × 68
68

Table 8.1: Data for three interaction ranges. The order parameter density is denoted by
m, and ξ is the correlation length. The linear dimension is L. All lengths are in in terms
of the lattice spacing.
order parameter and correlation length respectively. We present data from the constant
energy Creutz algorithm runs. The Metropolis data is consistent with these results.
In Fig. 8.3 we plot the density profile of critical droplets for a shallow quench with
q = 4 and energy per spin E = 0.045, and a deep quench near the spinodal with q = 684
and E = 0.37. The coexistence curve is at E ≈ 0.02 and the spinodal at E = 0.5. The
runs are performed in a system of 4002 spins. Note the difference in density of the two
droplets. At the coexistence curve the density is of order 1, whereas for the deeper quench
it is of order 0.1. Also note the sharp interface in the shallow quench in contrast to the
broad interface in the deeper quench droplet. (Remember these are log plots.) We can
also look at the linear size of the critical droplet. In Table 8.1 we present data from
systems with q = 84, 312, and 684. The spinodal is located at Es = 0.5. The entries
are self-explanatory, and the agreement with the theory is quite good for q = 684. As
expected, the theory is not as good for shorter range potentials where the spinodal is less
accessible (see Chapter 3).
In Fig. 8.4 we plot the log of the mass of the droplet (number of spins) versus the log
of the radius of gyration. The radius of gyration Rg is defined by
Rg2 =

N
1 X 2
~ri ,
N

(8.2)

i=1

where ~ri is the position of cluster site i.
If the droplet is compact as it is near the coexistence curve, then the theory (see
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Figure 8.3: Log of the density of the critical droplet versus the log of the distance from
the center of mass. (a) shallow quench and (b) a deep quench near the spinodal.
Chapter 6) predicts that the growth mode is adding matter to the surface. This mode is
the interpretation of the eigenvector associated with the negative eigenvalue at the saddle
point being peaked at the surface of the droplet. Such growth would be seen as the mass
of the droplet grows as the radius of the droplet to the power of the spatial dimension.
The radius of gyration is proportional to the droplet radius so we expect that a log-log
plot of mass versus the radius of gyration would be a straight line with slope d in classical
nucleation. In Fig. 8.4(a) for a shallow quench in d = 2 that is what is seen.
In Fig. 8.4(b) the same data is plotted for a deep quench near the spinodal. In deep
quenches the theory predicts a filling in of the droplet because the eigenvector corresponding to the negative eigenvalue is peaked at the center of the droplet. In this case a plot of
the droplet mass versus the radius of gyration should grow faster than linear, as is seen in
Fig. 8.4(b).
Our conclusion from the numerical data is that the identification of the critical droplet
with the correlated-site random-bond percolation cluster with pb given in Eq. (8.1) is
correct and all the measured properties are in agreement with the theoretical predictions.
We conclude that in the vicinity of the spinodal the critical droplet is a diffuse object
which is described by a percolation cluster.

8.4

Fractal Structure of the Critical Droplet

We now turn our attention to the fractal structure of the critical droplet. The critical
droplet is diffuse, that is, its density goes to zero as the spinodal is approached as (∆h)1/2 .
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Figure 8.4: Log of the mass of the droplet versus the log of the radius of gyration. Each
point is a different time. Time progresses from lower left to upper right. (a) A shallow
quench and (b) a deep quench near the spinodal.
However, if we ask how the mass scales with the correlation length ξ as we did near the
critical point in Chapter 6, we might expect that
m ∼ ξ d−β/ν .

(8.3)

At the spinodal ν = 1/4 and β = 1/2 [see Eq. (5.36)] so that
df = d − β/ν = d − 2.

(8.4)

Clearly something is wrong. In d = 1 Eq. (8.4) predicts df = −1 and in d = 2, df = 0.
The problem is that the derivation in Chapter 6 assumed the existence of what is known
as hyperscaling. The hyperscaling hypothesis is that there exists only one relevant length
in the system, the correlation length, and all singularities such as the divergence in the
susceptibility can be expressed as a function of this length. This behavior is not the case
in mean-field models with spinodals.
There is another interesting anomaly in the fractal structure. Another way of determining the fractal dimension is to ask how the density scales with a running length we
will call `. If a cluster is a fractal then the density ρ, defined as mass per unit volume,
inside a sphere of radius ` is given by
ρ=

`df
1
= d−d .
d
`
` f

(8.5)
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Equation (8.5) can be used to obtain the fractal dimension. The procedure is to plot
the density of the spins in the cluster versus the length ` on a log-log plot. The data
should fall on a straight line with a slope df − d. In the usual percolation model for which
hyperscaling holds, the fractal dimension obtained from the expression df = d − β/ν is
the same [Stauffer and Aharony 1994] as that obtained from Eq. (8.5). However, as we
will see, this relation is not valid for long-range bond percolation. To distinguish the two
dimensions we will call the way that the mass scales with the correlation length the fractal
dimension df [cf. Eq. (6.23)], and the way that the mass scales with the running length in
Eq. (8.5) is called the Hausdorff dimension dH . Equation (8.5) becomes
ρ∼

1
.
`d−dH

(8.6)

We can easily obtain the density profile because it is simply the order parameter.
Because the density profile ψ(r/ξ) is a function of the radial distance from the center of
the droplet divided by the correlation length [Eq. (5.39)], ψ(r/ξ) is a spatial constant in
the interior of the droplet where r  ξ. Hence, from Eq. (8.6)we have that
dH = d.

(8.7)

These considerations generate some confusion as to whether we should call the nucleating droplets near a spinodal fractals. To address this confusion, we investigated the
properties of long-range bond percolation clusters [Ray and Klein 1988]. The purpose of
this investigation is to understand the effect of the long-range nature of the connectivity.
We begin our considerations by noting that Newman and Schulman [1981a, 1981b]
proposed that in mean-field percolation either for long-range bond percolation or for d
greater than the upper critical dimension of 6 there are an infinite number of incipient
infinite clusters. This number is in contrast with “normal” percolation where it is known
(for nearest neighbor) in d = 2 and d = 3 that there is only one incipient infinite cluster
[Stauffer 1979]. In the percolation model we have mapped onto the spinodal we can see
immediately that there must be an infinite number of incipient infinite clusters. The
function that plays the role in percolation models of the free energy in thermal models
is the mean number of finite clusters (see Chapter 6). By our mapping of the correlated
site-random bond model onto the spinodal, the number of mean clusters is just the free
energy. The singular part of the free energy comes from fluctuations (or clusters) the
size of the correlation length. At the percolation threshold these are the incipient infinite
clusters.
The number of incipient infinite clusters nI in a volume the size of the correlation
length is
3
d
nI = ξ d (∆h)2−α = Rd (∆h) 2 − 4 .
(8.8)
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However nI is proportional to the free energy barrier to a critical droplet near the spinodal
[see Eq. (6.3)]. If we want the system to stay in the metastable state as it approaches the
spinodal or the mean-field percolation transition, we require that the nucleation barrier
be large and hence the number of incipient clusters is large.
There is another useful way to look at the limits of mean-field theory, the Ginzburg
criterion. Ginzburg pointed out [Ma 1976] that in mean-field theory the fluctuations in the
order parameter are small compared to the average, or mean value, of the order parameter
squared. This criterion can be seen from the expansion of the correlation function in
powers of the inverse range of the potential discussed in Chapter 2, remembering that
the order parameter squared is the zeroth order term in a γ = R−1 expansion of the pair
distribution function.
The fluctuations in the order parameter are given by the susceptibility, which is the
fluctuations per unit volume times the correlation length to the power of the dimension
of space. The mean value of the order parameter squared is the magnetization, or the
probability that a site belongs to the infinite cluster times the correlation length raised to
the power d quantity squared. That is, the system is in the mean-field regime if
ξ d χ/ξ 2d m2  1,

(8.9)

where m is a generic order parameter.
We substitute Eq. (5.36) into Eq. (8.9) and obtain the mean-field spinodal (percolation) exponents as
d

3

(∆h) 4 − 2
 1,
Rd

(8.10)

or
3

d

Rd (∆h) 2 − 4  1.

(8.11)

Equation (8.11) is the same condition as nI  1 from Eq. (8.8). Moreover, the Ginzburg
criterion also tells us that for d > 6, we do not need long-range bonds, and because these
considerations are general the same Ginzburg criterion works for random percolation as
well.
We now return to the question of the fractal dimension. We take as our hypothesis that
the probability P (∆h) ∼ (∆h)1/2 does not represent the probability that a site belongs
to one particular infinite cluster, but it is the probability that an occupied site belongs to
any one of the Rd (∆h)3/2−d/4 infinite clusters in a volume of size ξ d (a correlation length
volume). With this understanding the density ρ of one incipient infinite cluster scales as
ρ∼

(∆h)1/2
Rd (∆h)

3
− d4
2

=

1
d

Rd (∆h)1− 4

.

(8.12)

CHAPTER 8. NUCLEATION NEAR THE SPINODAL

102

Figure 8.5: Log-log plot of the mass of the critical droplet versus ∆h.
The mass of the infinite cluster scales as
m ∼ ρξ d ,

(8.13)

which can be shown from Eq. (8.12) and ξ ∼ R(∆h)−1/4 to be
m∼

ξ4
.
R4

(8.14)

Equation (8.14) implies that the fractal dimension of the incipient infinite cluster is 4.
Because the correlation length exponent ν = 1/4, we expect the mass to scale as
m ∼ (∆h)−1 .

(8.15)

In Fig. 8.5 we plot10 the log of the mass of the critical droplet (defined as the center
of mass droplet) versus the log of ∆h. As you can see, the slope is −1 as expected. We
also plot in Fig. 8.6 the log of the radius of gyration of the critical droplet versus the log
of ∆h. If the theory is correct, the slope should be −1/4. We see that the data supports
the theory [Ray and Klein 1990].
Note that the fractal dimension is not the Hausdorf dimension. The Hausdorf dimension is predicted to be d. However, it is difficult to check this prediction numerically. The
reason is that dH = d only for r  ξ so that we must have extremely large droplets.
Moreover, to do a fair test the linear dimension of the droplet should be much larger than
R because for r ≤ R the Hausdorf dimension is trivially equal to d. Clusters of the relevant
size are presently beyond our reach for the correlated percolation model and just on the
edge for the random model. However, even in the random case the data is not conclusive.
See Ref. 11 for a discussion of this point.
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Figure 8.6: Radius of gyration of center of mass nucleation droplets versus ∆h.
There is one problem with what we have discussed so far. To discuss this point we will
need a small amount of additional information about the mean-field percolation problem.
From Eq. (8.8) we know that the number of incipient infinite clusters per unit volume scales as (∆h)3/2 . Using the fact that the fractal dimension is 4 we obtain that the
number of incipient infinite clusters per unit volume scales as s−3/2 where s is the number
of sites in the cluster. This critical exponent for percolation [Stauffer and Aharony 1994]
is defined by the number of clusters per unit volume of s monomers, sns , at the critical
point as
ns ∼ s−τ +1
(8.16)
In the mean-field percolation model τ = 5/2. In Fig. 8.7 τ − 1 is measured for random
mean-field percolation. As can be seen from the figure τ − 1 = 3/2.
Although this exponent has not been measured directly for the correlated percolation
model, it can be inferred from Figs. 8.8 and 8.9. In Fig. 8.8 the isothermal susceptibility
is plotted versus ∆h measured directly, that is, from the magnetization fluctuations. In
Fig. 8.9 the mean cluster size is shown as a function of ∆h. The slopes in these log-log
plots are predicted to be the same and clearly are. Moreover, the negative of the slope of
these lines should be the isothermal susceptibility eponent γ = 1/2. We can calculate the
mean cluster size hs2 i from the relation
Z ξ4
2
hs i ∼
s 2 ns ,
(8.17)
where ξ 4 is the mass of the critical phenomena droplets. Because the correlation length
exponent ν = 1/4, we obtain γ = 1/2 if τ = 5/2 as in the random model we discussed .
Consequently, the number of clusters per unit volume scales as
ns ∼ s−3/2 .

(8.18)
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We can now discuss the problem alluded to previously. If the expression
3

d

∆F = nI = Rd (∆h) 2 − 4

(8.19)

is the number of incipient infinite clusters and also the nucleation barrier, it is impossible
for the critical or nucleating droplet to be one of the incipient infinite clusters. The reason
is that the probability of finding a nucleating droplet is proportional to e−∆F , so we would
have the paradox that we have an infinite number of critical droplets whose probability is
zero. Moreover, the field theory tells us that the critical droplet has a density proportional
to (∆h)1/2 [see Eq. (5.39)], whereas we have seen that the single incipient infinite cluster
has a density which scales as (∆h)−1+d/4 (see Fig. 8.5).

Figure 8.7: Log-log plot of the number of clusters per unit volume versus the size of the
cluster s.
The resolution of these difficulties is to realize that the density profile of the critical
droplet as obtained from the field theory represents the saddle point droplet. In contrast,
the initiation of the decay as marked by the stabilization of the largest cluster (which we
call center of mass nucleation) involves a (relatively) small number of the incipient infinite
clusters. The mechanism these results suggests is that the nucleation process is initiated
by the coalescence of a small number of incipient infinite clusters. This coalescence is what
we have called the center of mass nucleation. The saddle point is reached when enough
clusters have coalesced so that there is an object in the system with a density of (∆h)1/2 ,
that is, an object which consists of a finite fraction of the infinite number of incipient
infinite clusters.
This mechanism is consistent with the numerical results we have discussed. In particular, the occurrence of center of mass nucleation and saddle point nucleation are numerically
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Figure 8.8: log-log plot of the isothermal susceptibility versus ∆h.

Figure 8.9: Log-log plot of the mean cluster size versus ∆h for the percolation model
isomorphic to the spinodal.
extremely close. However, in every Monte Carlo run the saddle point nucleation comes
after the center of mass. If the one or two Monte Carlo step difference we have seen
between these two types of nucleation is due to statistical fluctuations, we would expect
the order to be reversed on occasion [Monette and Klein 1992].

8.5

Prefactors

Another piece of evidence in support of this coalescence mechanism is the prefactor. The
prefactor in the field theoretic formulation of nucleation consists of two distinct types, the
static and kinetic. The kinetic prefactor is the easiest to understand and we will discuss
it first.
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Within the quasi-equilibrium treatment of the nucleation rate we have assumed that
the nucleation process can be described as a sequence of stochastic events. Two points
should be made about this approach. First, the nucleation rate in real time cannot be
related to a stochastic “time” without additional information. Also, we have assumed in
constructing our saddle point approach that the attempts made by the system to overcome
the nucleation barrier are independent of each other. In other words, we have not considered the possibility that an unsuccessful attempt to cross the nucleation barrier at time
t1 would influence the chance of success of another attempt at time t2 . This assumption
leads to the conclusion that any factor relating the stochastic “time” to the real time must
be in units of the decorrelation time τ .
The decorrelation time (also see the discussion in Chapter 2) is defined as the time it
takes for the system to lose any memory of its initial state. For example, if an Ising model
has a magnetization per spin of m(0) at t = 0, and we want to know how long it takes for
the system to “forget” this state, we form the average
hm(t)m(0)i ∼ e−t/τ ,

(8.20)

which, for temperatures above the critical temperature, decays to zero exponentially as
indicated in Eq. (8.20). The brackets h. . .i indicate an ensemble average. The parameter
τ sets the time scale for the decay. As the critical point is approached, τ diverges. This
phenomena is critical slowing down. The exponent z is defined by the relation
τ ∼ ξz .

(8.21)

In the calculation for the nucleation rates the dynamic prefactor sets the time scale. From
the above discussion the dynamic prefactor should scale as τ −1 , because the time scale
must be in units of the decorrelation time. Near the spinodal z = 2 for model A and z = 4
for models B and C.
The static prefactor has three distinct contributions, which come from the negative,
positive, and zero eigenvalues of the Schrödinger operator obtained by linearizing the
Euler-Lagrange equation about the critical droplet. For nucleation near the spinodal the
eigenvalue equation is
√
− ∇2 φ(~r) + 4 3||1/4 (∆h)1/2 φ(~r) − 36||1/2 ψ0 (r)φ(~r) = λφ(~r),
(8.22)
where ψ0 (r) is the solution to the Euler-Lagrange equation (5.38) and we have linearized
Eq. (5.38) about ψ0 (r).
We will not be concerned with the part of the prefactor coming from the positive and
zero eigenvalues of Eq. (8.22). The interested reader is referred to Ref. 6 in Chapter 5.
The part of the prefactor associated with the negative eigenvalue is of some interest here
because it can be predicted by the Becker-Döring theory. Because we are concerned with
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spinodal nucleation, which is intrinsically mean-field, we do not expect any dimensional
dependence on the scaling form of the eigenvalue. From the discussion in the beginning
of Chapter 6 we can easily obtain that the negative eigenvalue λ− scales as
λ− ∼ (∆h)1/2 .

(8.23)

Because the eigenvector associated with the negative eigenvalue describes the path of
steepest descent away from the saddle point, there is only one “negative”eigenvector.
Consequently Eq. (8.23) gives us the contribution of the negative eigenvalue to the static
prefactor. This result also follows from Eq. (8.22) because ψ0 (r) ∼ (∆h)1/2 , and we expect
only one negative eigenvalue so that there is no density of states to modify the scaling.
Our interest is to show that the contribution to the prefactor from the negative eigenvalue can also be obtained from the Becker-Döring theory with the additional information
that the droplet forms from the coalescence of the incipient infinite clusters. Our assumption is that the saddle point droplet forms by the coalescence of clusters. The saddle
point droplet has a density that scales as (∆h)1/2 and the incipient infinite clusters have
a density that scales as shown in Eq. (8.12). Because we are assuming a mean-field model
3
d
Rd (∆h) 2 − 4  1 so that the incipient infinite clusters are infinitesimal compared to the
saddle point droplet. This density difference allows us to employ a Becker-Döring model.
The addition of an incipient infinite cluster to the more massive saddle point droplet is
an infinitesimal addition of mass in a similar manner to the addition of a monomer in the
classical case (ss Chapter 3). With this picture in mind we return to the Becker-Döring
equation which we repeat here for convenience.
∂n` (t)
= J`−1 − J` .
∂t

(8.24)


 

0
n`+1 .
J`−1 − J` = R`−1 n`−1 (t) − R`0 n` − R` n` − R`+1

(8.25)

where
The difference between Eqs. (8.24) and (8.25) and Eqs. (3.2) and (3.3) is that the parameter
` does not refer to monomers in Eqs. (8.24) and Eq. (8.25) as it does in Eqs. (3.2) and
(3.3). Instead it refers to the number of incipient infinite clusters. The assumption is that
“massive” saddle point droplets grow by the addition of relatively “massless” incipient
infinite clusters. The difference in masses of the two objects, droplets and incipient infinite
clusters, allows us to treat the incipient infinite clusters as monomers.
Because the formal structure of the equations are the same we can use several results
from Chapter 3. The detailed balance condition leads to the relation
R`−1 n`−1 = R`0 n̄` .

(8.26)
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3
n` ∼ exp − Cξ d (∆h) 2 = exp[−Cl],

(8.27)

because the number of massive saddle point droplets is the exponential of their free energy cost which is obtained from the field theory calculations in Chapters 5 and 6. Equations (8.5) and (8.6) imply that
R`−1 = R` eC .
(8.28)
Another difference with the classical case is that R` is not a function of the size of
the saddle point droplet, but is proportional to the density of incipient infinite clusters.
The density is relevant rather than the number, because we want the number of incipient
infinite clusters per site of the saddle point droplet, which follows from the fact that only
one connection is required to join the incipient infinite cluster to the saddle point droplet.
Also note that the only clusters joined to the saddle point droplet are assumed to be the
incipient infinite clusters so that for scaling purposes
R` = R`c = A,

(8.29)

where the constant A depends only on ∆h and is therefore fixed for fixed ∆h. Therefore,
Rl does not depend on `, which is taken here to be the size of the saddle point droplet in
units of the number of incipient infinite clusters. We will instead label the rate R with the
index s so that Rs is the rate at which the clusters of size s attach to the droplet which
is made from ` clusters.
We again employ the fact that the structure of the equations is the same as in the
classical case and can write the nucleation rate using Eqs. (3.13), (8.27), (8.28) and (8.29)
as
Z
`c

I −1 ∝ Rs−1

3

d

eC` d` ∼ Rs−1 exp[CRd (∆h) 2 − 4 ].

(8.30)

0

The R in the exponential is the range of interaction. Because Rs is proportional to the
number of clusters of size s per unit volume we have from Eq. (8.18) that
Rs ∼ s−3/2 .

(8.31)


3
d
exp − CRd (∆h) 2 − 4
I∼
.
s3/2

(8.32)

These considerations lead to the result

We want to compare the result in Eq. (8.32) with the nucleation rate predicted by
the field theory. However, the Becker-Döring theory does not have enough flexibility in
its present form to obtain the contributions from the zero and positive eigenvalues of
Eq. (8.22). The reason is that Becker-Döring theory describes the droplets with only one
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parameter, their size `. The positive eigenvalues in the field theory describe the deformations of the droplet which leave its mass unchanged and the zero eigenvalue describes
droplet displacements [Langer 1967]. Consequently, we can only compare the nucleation
rate from the Becker-Döring theory with the exponential term and that part of the static
prefactor which comes from the negative eigenvalue in Eq. (8.23).
The exponential terms are clearly the same as can be seen by comparison of Eqs. (5.40)
and (8.32). To compare the prefactor from Becker-Döring with the negative eigenvalue
part of the prefactor we must convert the variable s into its dependence on ∆h. Before
doing so we need to convert the units of the prefactor. That is, the prefactor from BeckerDöring gives the rate that incipient infinite clusters attach to the saddle point droplet
while the field theory give the rate at which monomers attach to the droplet. To convert
we need to multiply Rs by s the number of monomers in the cluster. With this conversion
the prefactor from Becker-Döring is proportional to sRs and
sRs ∼

s
s3/2

= s1/2 .

(8.33)

However, from the discussion preceding Eq. (8.15) we know that
m = s ∼ (∆h)−1 ,

(8.34)

and therefore the Becker-Döring prefactor is proportional to (∆h)1/2 in agreement with
Eq. (8.23).
This result supports the idea that the nucleation process near the spinodal is initiated
by the coalescence of the incipient infinite clusters. It also makes clear the relation between
the Becker-Döring nucleation rate and the rate obtained by Langer [1967]. It appears
from these considerations that the coalescence of the incipient infinite clusters to form the
saddle point droplet takes place on a very short time scale. This conclusion comes from
the apparent coincidence between the time of center of mass and saddle point nucleation
[Monette at al. 1992]. This conclusion also follows from the picture that the infinite
number of incipient infinite clusters are interpenetrating, and hence the coalescence can
take place on microscopic time scales.
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